Abstract. An automorphism of a graph G is a bijective mapping from the vertex set of G to itself which preserves the adjacency and the non-adjacency relations of the vertices of G. A fixing set F of a graph G is a set of those vertices of G which when assigned distinct labels removes all the automorphisms of G, except the trivial one. The fixing number of a graph G, denoted by f ix(G), is the smallest cardinality of a fixing set of G. The co-normal product G 1 * G 2 of two graphs G 1 and G 2 , is a graph having the vertex set V (G 1 ) × V (G 2 ) and two distinct vertices (g 1 , g 2 ), (ǵ 1 ,ǵ 2 ) are adjacent if g 1 is adjacent toǵ 1 in G 1 or g 2 is adjacent toǵ 2 in G 2 . We define a general co-normal product of k ≥ 2 graphs which is a natural generalization of the co-normal product of two graphs. In this paper, we discuss automorphisms of the co-normal product of graphs using the automorphisms of its factors and prove results on the cardinality of the automorphism group of the conormal product of graphs. We prove that max{f ix(G 1 ), f ix(G 2 )} ≤ f ix(G 1 * G 2 ), for any two graphs G 1 and G 2 . We also compute the fixing number of the conormal product of some families of graphs.
Introduction
A graph G is an ordered pair (V (G), E(G)) consisting of a set V (G) of vertices and a set E(G) of edges. The number of vertices in G is called the order of G, denoted as |G|. The number of edges in G is called the size of G. If two vertices u and v are joined by an edge, then they are called adjacent vertices, denoted as u ∼ v and if u, v are not joined by any edge, then they are called non-adjacent, denoted as u ≁ v. The open neighborhood of a vertex u in G is the set N(u) = {v ∈ V (G) : v ∼ u in G} and the closed neighborhood of u in G is the set N[u] = N(u)∪{u}. The number |N(v)| is called the degree of v in G, denoted as deg G (v) or deg (v) . A vertex having degree |G| − 1 is called a dominating vertex of G. All graphs considered in this paper are simple. For basic concepts not given in this paper see [5, 20] .
A bijective mapping π on a non empty set S is called a permutation on S. The set of all permutations on a set S with n elements is called the symmetric group of S, denoted as S n . A graph homomorphism is a mapping between vertex sets of two graphs that respects their structure. More concretely, it maps adjacent vertices to adjacent vertices. A bijective graph homomorphism is called isomorphism and an isomorphism from a graph G onto itself is called an automorphism of G. The collection of all automorphisms of a graph G forms a group under the operation of composition of functions, denoted as Aut(G). Since, every automorphism is a permutation on V (G) so Aut(G) ⊆ S |G| , where the equality holds if G is complete or null graph. An automorphism α ∈ Aut(G) is said to fix a vertex w ∈ V (G), if α(w) = w. The stabilizer of a vertex w in a graph G is the set of all automorphisms of G that fixes w, denoted as Stab(w). For a set F ⊂ V (G), an automorphism α is said to fix the set F , if for every w ∈ F , we have α(w) = w. The set of automorphisms that fix F is a subgroup of Aut(G), denoted as StabF and StabF = w∈F
Stab(w).
A vertex x ∈ V (G) is called a fixed vertex if α(x) = x for all α ∈ Aut(G), i.e., Stab(x) = Aut(G). If there exist an automorphism α such that α(u) = v, then u and v are called similar vertices. The set of all vertices which are similar to v in G is called the orbit of v, denoted as O(v). A graph G is said to be a rigid graph if for each vertex v ∈ V (G), |O(v)| = 1 and G is called a non-rigid graph, if there exist at least one vertex v ∈ V (G) such that |O(v)| = 1. All the graphs considered in this paper are non-rigid unless otherwise stated.
Product graph of two graphs G 1 and G 2 is a new graph having the vertex set V (G 1 ) × V (G 2 ) and the adjacency of vertices is defined under some rule using the adjacency and the non-adjacency relations of G 1 and G 2 . In 1962, Ore introduced a product graph [20] , with the name cartesian sum of graphs and Hammack et al. [16] , named it co − normal product graph. For a graph G 1 having the vertex set {g } and G 2 having the vertex set {g }, the graph having the vertex set
, is called the co − normal product graph, denoted as G 1 * G 2 . For any two graphs G 1 and G 2 , the graph obtained from the vertex set V (G 1 ) × V (G 2 ), by defining the adjacency relation as (g
and only if G 1 is a complete graph and G 2 is an arbitrary graph or G 1 is an arbitrary and G 2 is a null graph. For more detail on the product graphs, see [16, 17] . Different properties and results regarding coloring of co-normal product graph were discussed in [7, 8] . Also, Yang [24] , gave some results on the chromatic number of the co-normal product of graphs. For further work on the chromatic number of this product graph, see [2, 6, 21] .
The problem of distinguishing the vertices of a graph has been studied using two approaches as mentioned in [15] . One involves the concept of the metric dimension/location number, introduced by Harary and Melter [12] and independently, by Slater [23] . A set W ⊆ V (G) is a resolving set for G, if for any two distinct vertices x, y ∈ V (G) \ W , there exist at least one vertex w ∈ W such that d(x, w) = d(y, w). The minimum cardinality of a resolving set of G is called the metric dimension/location number of G [12, 23] , denoted as dim(G). This notion use the distance between the vertices of the graph. The second approach uses the notion of the symmetry breaking that was formalized by Albertson and Collins [1] , and independently, by Harary [13, 14] . In this approach, a subset of the vertex set is colored in such a way that all the automorphisms of the graph result in an identity automorphism. This approach leads to the idea of the fixing sets of graphs.
In 2001, Erwin and Harary [14] , introduced the concept of the fixing number of a graph. This notion has its application to the problem of programming a robot to manipulate objects [19] . A set F ⊆ V (G) is called a fixing set for G, if StabF = {i d }, where i d is the identity automorphism of G. The minimum cardinality of a fixing set of G is called the fixing number of G, denoted as f ix(G). A fixing set containing f ix(G) number of vertices is called a minimum fixing set of G. In [15] , Harary and Erwin gave upper bounds for the fixing number of a graph in terms of the number of orbits under the action of Aut(G) and in terms of the order of Aut(G). Further, they found a necessary and sufficient condition for a tree to have fixing number 1 and prove that for every tree there is a minimum fixing set consisting only of leaves of the tree. For more results on the fixing number and related parameters of graphs, see [3, 9, 10, 11] .
Considering the fact that every resolving set is a fixing set and automorphisms preserve distances, the metric dimension and the fixing number of a graph are closely related notions [4, 15] . Cáceres et al. studied this relation and answered the following question which appeared first in [4] : Can the difference between both parameters of a graph of order n be arbitrarily large? In [22] , we studied the first notion the metric dimension of co-normal product graph and give bounds for the metric dimension of this product. In this paper, we study the second notion, the fixing number of co-normal product graph.
In next section, we will define general co-normal product of graphs and prove results on the automorphisms and automorphism group of co-normal product of graphs. We give sharp bounds for the cardinality of automorphism group of conormal product of graphs. In section 3, we will find the fixing number of the conormal product of some families of graphs and give sharp bounds for the fixing number of co-normal product of graphs.
Automorphisms of Co-normal Product
The co-normal product graph of two connected graphs G 1 and G 2 has the diameter at most two and G 1 * G 2 = G 2 * G 1 . Some other results describing the structure of simple co-normal product graph are given in [8, 16, 18, 22] . Observation 1. [22] For any vertex (g [18] Let G 1 and G 2 be two non-trivial graphs such that at least one of them is non-complete and let n ≥ 2 be an integer. Then the following assertions hold:
has no isolated vertices and G 1 is a non-empty graph having at least one isolated vertex, then diam(
where α is an isomorphism on G 1 to G 2 and β is an isomorphism on
, then λ is a bijective mapping because α and β are bijective mappings. Suppose, (g
, because α, β are automorphisms of G 1 and G 2 , respectively. So, by the definition of co-normal product λ(g
) is a bijective mapping due to the bijectivity of α and β. Also, λ is a homomorphism because α, β are isomorphisms, which gives that λ is an automorphism.
Corollary 2.5. For any two graphs G 1 and
Proof. Let α ∈ Stab(g 1 ) and β ∈ Stab(g 2 ). By Theorem 2.4 (1), the mapping
For a positive integer k ≥ 2, we define a product graph obtained from
is the usual co-normal product graph and for k > 2, G is a natural generalization of simple co-normal product therefore its properties too. For any vertex
Let i G l represents the identity automorphism of G l for each 1 ≤ l ≤ k. For π be the identity permutation and ψ j = i G j for some j, the automorphism defined in Corollary 2.6, having the form
for some i = j and π is a non identity permutation then the automorphism λ defined in Corollary 2.6, is called a f lip of G. A non identity automorphism α of a graph G, is called a (u, v) − interchange if α(u) = v, α(v) = u and α(x) = x for all x ∈ V (G) \ {u, v}. All results given in this paper for G 1 * G 2 also holds for G 2 * G 1 due to the commutative property of this product and these results can be generalized to the general co-normal product graph of k > 2 graphs due to the fact that 
Proposition 2.9. Let g 1 k ∈ G 1 be a dominating vertex and ψ ∈ Aut(G 2 ). The mapping λ :
), also there exist at least one vertex g
)), which gives that λ is not an isometry, a contradiction. Conversely, g 
for any two graphs G 1 and G 2 . Also, G 1 * G 2 is a complete graph if and only if G 1 , G 2 both are complete graphs. Hence, we have following bounds:
If G 1 , G 2 are rigid, non isomorphic and at least one of them have no dominating vertex, then Aut(G 1 )×Aut(G 2 ) = Aut(G 1 * G 2 ). In next theorem, we give conditions on G 1 and G 2 under which this lower bound can be attain. Theorem 2.12. For any two non isomorphic, non rigid graphs G 1 and G 2 , Aut(G 1 * G 2 ) = Aut(G 1 ) × Aut(G 2 ) if and only if nor G 1 nor G 2 have false twins and dominating vertices.
Proof. Let Aut(G 1 * G 2 ) = Aut(G 1 ) × Aut(G 2 ), we are to show that G 1 , G 2 have no false twins. Assume contrary that G 1 have false twins, then the mapping defined in Theorem 2.10, is an automorphism of G 1 * G 2 and if G 1 has a dominating vertex, then the mapping defined in Proposition 2.9, is an automorphism of G 1 * G 2 , so we have a contradiction. Hence, nor G 1 nor G 2 have false twins and dominating vertices. Conversely, suppose that G 1 and G 2 both have no false twins and dominating vertices. Theorem 2.4, gives that Aut(G 1 )×Aut(G 2 ) ⊆ Aut(G 1 * G 2 ) for any two graphs G 1 and G 2 . Let λ ∈ Aut(G 1 * G 2 ), we are to show that λ ∈ Aut(G 1 ) × Aut(G 2 ). Assume contrary that λ / ∈ Aut(G 1 )×Aut(G 2 ) and λ(g
Corollary 2.13. Let G 1 and G 2 be two non isomorphic, non rigid graphs. For each (g Corollary 2.14. Let G be the co-normal product graph of k ≥ 2, non isomorphic and non rigid graphs 
Also, Aut(G 1 * G 2 ) have no interchange because G 2 have no false twins and G 1 have no dominating vertex. Hence, λ is a rotation of
Corollary 2.16. For G 1 rigid having no dominating vertex and G 2 ∼ = P n ; n ≥ 4,
Theorem 2.17. For any two rigid isomorphic graphs G 1 and
Proof. Since, G 1 and G 2 are rigid graphs so |Aut(G 1 ) × Aut(G 2 )| = 1 and G 1 ∼ = G 2 gives that there exist a unique isomorphism φ from G 1 to G 2 and a unique isomorphism ψ from G 2 to G 1 . By Theorem 2.4 (2), the mapping λ = (φ, ψ) defined as λ((g
, is an automorphism. Also, this automorphism is unique. Proof. Let G 1 * G 2 is a rigid graph. To show that G 1 ∼ = G 2 , assume contrary that G 1 ∼ = G 2 , then by Theorem 2.4 (2), Aut(G 1 * G 2 ) have a flip which gives a contradiction. Now if G 2 have false twins, then by Corollary 2.11, Aut(G 1 * G 2 ) have interchanges again a contradiction. Hence, G 1 and G 2 must be rigid and non isomorphic graphs. Conversely, suppose λ ∈ Aut(G 1 * G 2 ), since G 1 , G 2 are rigid and non isomorphic graphs so λ is not a rotation as well as flip in Aut(G 1 * G 2 ). Also, G 1 and G 2 have no false twins so λ is not an interchange. Now suppose λ((g 
Fixing Number of Co-normal Product
This section is devoted to the study fixing number of co-normal product of graphs. Theorem 2.18, gives that f ix(G 1 * G 2 ) = 0 if and only if G 1 ≇ G 2 , G 1 and G 2 are rigid graphs. Also, Theorem 2.18, gives that for isomorphic rigid graphs G 1 and G 2 , f ix(G 1 * G 2 ) = 1. In [15] , Erwin and Harary gave the following observation. Observation 3.
[15] Let G be a non rigid graph. Then f ix(G) = 1 if and only if G has an orbit of cardinality |Aut(G)|.
The complement graph of a graph G, is a graph having the same vertex set as G and any two vertices are adjacent if and only if they are not adjacent in G, denoted as G c . The strong product of two graphs G 1 , G 2 is a graph having the vertex set V (G 1 ) × V (G 2 ) and the adjacency is defined as: (g
is the strong product of G For any two graphs G 1 , G 2 , f ix 
The join of two graphs G 1 and G 2 is the graph having the vertex set V (G 1 )∪V (G 2 ) and the edge set E( 
. Theorem 3.4. Let P n be the path graph having n vertices, then for any two integers s, t ≥ 2,
if s=t=2 or s=2, t= 3,
Proof. For s, t ≥ 4, we discuss two cases: 1) Suppose s = t, then Aut(P s * P t ) = S 2 ⊕ S 2 and the four nodes are similar, so by Observation 3, f ix(P s * P t ) = 1. 2) Suppose s = t, then Aut(P s * P t ) = D 4 and the eight nodes that are adjacent to the four nodes of degree are similar, so f ix(P s * P t ) = 1. For s = 2, t ≥ 4, P s have two dominating vertices, so by Lemma 3.3, we have f ix(P s * P t ) = 2. For s = t = 2, the graph P s * P t is complete graph so f ix(P s * P t ) = 3. Now for s = 2 and t = 3, the graph P s * P t have two equivalence classes of false twins with cardinality 2. and one class of true twins because P t also have a dominating vertex, so f ix(P s * P t ) = 3. If s = t = 3, then P s * P t have an equivalence class of false twins with cardinality 4 and two classes classes of false twins with cardinality 2 and one dominating vertex, so f ix(P s * P t ) = 5. For s = 3 and t ≥ 4, the graph P s * P t have t equivalence with cardinality 2 and P s has a dominating vertex, so by Lemma 3.3, f ix(P s * P t ) = t + 1.
Lemma 3.5. Let G 1 be a rigid graph having no dominating vertex and G 2 be a non rigid graph having no false twins, then Stab((g
Proof. Using Corollary 2.7, we have Stab(g
Theorem 3.6. For any two non isomorphic graphs G 1 and = {i G 1 * G 2 }, which gives that F is a minimum fixing set for G 1 * G 2 .
Theorem 3.7. If G 1 is a rigid graph having a dominating vertex and G 2 is a non rigid graph having no false twins, then f ix(G 1 * G 2 ) = 2f ix(G 2 ).
Proof. Let g 1 i ∈ V (G 1 ) be the dominating vertex of G 1 andǴ 1 =< V (G 1 ) \ {g 1 i } > be the induced subgraph of G 1 . Proposition 3.2, gives thatǴ 1 is also rigid graph, the definition of co-normal product gives that < V (G 1 * G 2 ) \ G 2 (g 1 i ) >=Ǵ 1 * G 2 and by Observation 4, we have G 1 * G 2 =Ǵ 1 * G 2 + < G 2 (g 1 i ) >. Now, by Lemma 3.3, f ix(G 1 * G 2 ) = f ix(Ǵ 1 * G 2 ) + f ix(G 2 ), because < G 2 (g 1 i ) > ∼ = G 2 . Also, Theorem 3.6 (2), gives that f ix(Ǵ 1 * G 2 ) = f ix(G 2 ). Hence, f ix(G 1 * G 2 ) = 2f ix(G 2 ).
Corollary 3.8. Let G 1 be a rigid graph having a dominating vertex. If G 2 ∼ = P n ; n ≥ 4, then f ix(G 1 * G 2 ) = 2 and if G 2 ∼ = C n ; n ≥ 5, then f ix(G 1 * G 2 ) = 4. 
